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Time Series Forecasting

We aim at forecasting y; € R.
Main application of the PhD: electricity load.

French Electricity Data Set (RTE)
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Explanatory Variables: Calendar

Explanatory variables: x; € RY.

Weekly Profile Yearly Profile
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Monday to Friday
Saturday - Sunday

Consommation (GW)
Consumption (GW) at 8-8:30 PM

Time of Year
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Explanatory Variables: Temperature

Dependence on the Temperature
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Forecasting Objective
The objective is to forecast y; given x;. In what sense 7

® Mean forecasting: estimation of E[y; | x;].
It is the minimum of E[(y: — 9:)° | xt].
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Forecasting Objective
The objective is to forecast y; given x;. In what sense 7

® Mean forecasting: estimation of E[y; | x;].
It is the minimum of E[(y: — 9:)° | xt].
® Probabilistic forecasting: estimation of L(y; | x¢).
For a certain quantile level g we forecast y; 4 such that
P(y: < Jrq | x) = q.
It is equivalent to minimize E[pq(ye, J+) | x¢]:

Pinball Loss for Various Quantile Levels

Py, 0)
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Offline vs Online

* Offline: y; = f3(x:).
Example: Empirical Risk Minimizer

0e arg min Z Uy, f3(xe))
teT
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Offline vs Online

* Offline: y; = f3(x:).
Example: Empirical Risk Minimizer

0 e arg min Z Uy, f3(xe))
teT

* Online / Adaptive: §; = f; (x;) with 0,1 = ®(0:, x;, yz).
Example: Online Gradient Descent

Uy, fo(xt))

9t+1 = ét — 7t 90 6

Elec
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Drift of Offline Models

Train set: from January 2012 to September 2019.
Test set: from September 2019 to June 2020.

Drift of the Bias of a Forecasting Model
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Tracking State-Space Model

State: 0 — 01 ~ N(0, Q:),
Space: ye ~ po, (- | xt) -

8/36
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Tracking State-Space Model

State: Oy —0;—1 ~ N(0,Q:),
Space: Ve~ po(- 1 %0).
Two main models in the PhD:
® Linear Gaussian: y; — 0] x; ~ N(0,02).

® Logistic Regression: y; | x; ~ B(;)

T
1+e_9t Xt
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Tracking State-Space Model

State: Oy —0;—1 ~ N(0,Q:),
Space: Ye ~ po, (- | xt)

Two main models in the PhD:
® Linear Gaussian: y; — 0] x; ~ N(0,02).

® Logistic Regression: y; | x; ~ B(;)

T
1+e_9t Xt

Bayesian approach, starting from 61 ~ N(él, Py):

é\l’ = é\t|t’71 - ]E[Hf ‘ X1, Y15- - 7Xt—1ayt—1] 3
Pt = Pye_1 = E[(0: — ét|t—1)(9t - é\t|t—1)T | X1, Y1505 Xe1, Ye1] -
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Linear Gaussian State-space Model

State: 0, — 0,1 ~N(0,Q;),
Space: ye — 07 xe ~ N(0,07).

Theorem (R. Kalman and R. Bucy, 1961)

Under the state-space assumption with known variances, and if
91 ~ N(Hl, Pl), it holds 9t+1 | (Xs,ys)sgt ~ N(9t+1, Pt+1) with

T
PtXl’Xt Pt

Ptt:Pt_i
| XtTPtXt‘f‘U%

9 Pt+1:Pt|t+Qt+17

A A P, a
9t+1 =0; — %2“ (Xt(g;rxt - )’t)) .

t
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Summary of the PhD
Gradient interpretation of Bayesian algorithms in state-space models:

Uy, fo(xt))

§t+1 = ét - Pt\t 90 5.

where ((y,0" x) = —log pa(y | x).
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Summary of the PhD
Gradient interpretation of Bayesian algorithms in state-space models:

N A 0Ly, fo(x
Or1 =0 — Pt\tw 5.
where ¢(y, 0" x) = —log py(y | x).

® Part |. Analysis of the static setting (0; = 6;_1).
Publication in Journal of Machine Learning Research.

® Part Il, Chapter 5. Choice of the time-invariant covariance matrix @
in 01— - 91_»71 ~ ./\/’(07 Q)

® Part Il, Chapter 6. Variational Bayesian Variance Tracking: adaptive
estimation of Q; in 0; — 0;_1 ~ N(0, Q;). Submitted.

Part Ill. Application to electricity load forecasting.
Publications in IEEE Journal of Power Systems and IEEE Open Access
Journal of Power and Energy.
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State-Space for Generalized Linear Models (GLM)!

State: at - 015_1 ~ ./\/’(07 Qt) 5
Space: ye ~ po.(- | xt),
The distributions are in a subclass of the exponential family:

yOTx — b(GTx))

poly | %) = h(y)ep (F="—

with a > 0 and b, h univariate functions.

1P. McCullagh and J. A. Nelder, 1989
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State-Space for Generalized Linear Models (GLM)!

State: at - 015_1 ~ ./\/’(07 Qt) 5
Space: ye ~ po.(- | xt),
The distributions are in a subclass of the exponential family:

TX — TX
puly %) = hly)exp (Y22 AN,

a
with a > 0 and b, h univariate functions.
Example (Logistic Regression)
y € {-1,1} and
- 1 - y0Tx — (2log(1 4 € *) — 67 x)
Pe(Y|X)—m—eXP< 5

1P. McCullagh and J. A. Nelder, 1989
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Analytical Form of the First Two Moments

GLM distributions satisfy:

Eoly | x] = '(87x), Varg[y | x] = ab" (8" x).
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Analytical Form of the First Two Moments

GLM distributions satisfy:

Eoly | x] = '(87x), Varg[y | x] = ab" (8" x).

Weaker state-space model:

State: 91- — et_l ~ N(07 Qt) )
Space: ye = b0 x:) + e,

where ¢, is a centered noise of variance ab” (6 x;).

12/36



Introdu Static State-Space Model Electricity Load Fo
e 00

O@000000000000

Analytical Form of the First Two Moments

Proposition

GLM distributions satisfy:

Eoly | x] = '(87x), Varg[y | x] = ab" (8" x).

Weaker state-space model:
State: 91’ - et_l ~ ./\/’(07 Qt) 5
Space: ye = b' (0] x;) + ¢,
where ¢, is a centered noise of variance ab” (6 x;).
Linear approximation of the space equation:
ye =b(0]x) + e
~ b/(é;rxt) + b”(é;rxt)(@t - ét)TXt + &t
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Static Extended Kalman Filter

Proposition (Extended Kalman Filter as a Gradient Descent)

The EKF is equivalent to the following recursion:

Pt_|t1 =P+ 0"y, 0] xe)xex,
s =0, — Pye (W(yhé;rxt)xt) ,
Pii1 = Pyt + Qeia1,

where ((y,0 " x) = —log pp(y | x).

In the static setting (Q;+1 = 0):
® Correspondence established by Y. Ollivier (2018).
® Also referred to as Stochastic Newton (B. Bercu et al., 2019).
o Py~ H=t.
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Misspecified Static Setting

The model y; ~ py(- | x¢) allows to derive the EKF. However, in our
analysis we don’t assume that the data-generating process is the GLM.

Two standard assumptions on the data:
® (x¢,yy) isiid.
® We define L(0) = E[{(y, 0" x)].
There exists 6* such that L(0*) = infy L(6).
H* is the hessian matrix of the risk at the optimum.
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1. Parallel with Online Newton Step (ONS)
The ONS is defined, for © and +, by

Pf+11 = P,_T1 —l—(’(yt,é;rxt)thxtT7
i1 = Mo (9 = Pess (£ B x0)x:) )
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1. Parallel with Online Newton Step (ONS)
The ONS is defined, for © and ~, by

P;»]-l = P! —l—ﬁ'(yt,é;rxf)2xtxt—r7
éf+1 =Tle (ét —YPea (ZI(}/t,é;rXt)Xt) ) .

Theorem (M. Mahdavi, L. Zhang and R. Jin, 2015)

If (X¢, y:) is i.i.d., 0* € © and { is 1/k-exp-concave in © (¢ > (1/k)¢"?),
for any 6 > 0 it holds with probability 1 — 6 that simultaneously for n > 1:

n

S (L) - L(67)) = O(n(d log n + log 5*1)) :

t=1

Logistic setting: x = ( o7 )
ogistic setting: k = exp enggﬁ( Xt)

Our objective: exp (mtax(G*Txt)> while removing the projection step.

15/36
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2. Asymptotic Result for Logistic Regression (Truncated)
We consider the following modification of the algorithm for 0 < 8 < %:
P71 _ P—l g/l éT 1 T
t+1 = Tt —|—max< (e, 0¢ xt), ﬁ)xtxt )

ét+1 = ét - Pt+1 (gl(_)/hé\;rxt)xt) .

Theorem (B. Bercu, A. Godichon and B. Portier, 2019)

Under the previous assumptions, in the logistic setting, we have
Il -1 * (|2 1
I3Pet = 12 = o(tTﬁ) a.s.
A log t
19, — 07| = o(%) a.s

(H* is the hessian matrix of the risk at the optimum).
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Introdu

Structure of the Analysis

1. Localized Analysis. Tight bound on the cumulative excess risk under
a strong convergence assumption. Similar as the analysis of the
ONS.

2. Proof of the convergence in the logistic setting, using the truncated
algorithm of B. Bercu et al. (2019).
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1. Localized Analysis. Assumptions

Assumption (Localized Assumption)

We set € > 0. For any § > 0, there exists T(e,d) € N such that with
probability 1 — ¢,

vt > T(e,68), 0. —0"] <e.

18/36



Static State-Space Model
000000080000 00

1. Localized Analysis. Assumptions

Assumption (Localized Assumption)
We set € > 0. For any § > 0, there exists T(e,d) € N such that with
probability 1 — ¢,

vt > T(e,6), |16, —0*|| <e.
We assume that for some € > 0 and 0,6y € Bj.,
® I'(y,07x)? < kt"(y,07x) a.s. for some k. > 0.

® 0</"(y,0"x) < h. as. for some h. > 0.
® !"(y,07x) > pt"(y, 04 x) a.s. for some p. > 0.95.
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1. Localized Analysis. Assumptions

Assumption (Localized Assumption)

We set € > 0. For any § > 0, there exists T(e,d) € N such that with
probability 1 — ¢,

vt > T(e,68), 0. —0"] <e.

We assume that for some € > 0 and 0,6y € Bj.,
® I'(y,07x)? < kt"(y,07x) a.s. for some k. > 0.
® 0</"(y,0"x) < h. as. for some h. > 0.
® !"(y,07x) > pt"(y, 04 x) a.s. for some p. > 0.95.

Example (Logistic Regression)

In the logistic setting, it holds with r. = ePx(I07l+e) =1 p = e=eDx,

Remark. We handle the quadratic loss with specific assumptions.

18/36



Static State-Space Model Elec
000000008000 00 00«

1. Localized Analysis. Result

Under the previous assumptions, for any § > 0, it holds with probability
at least 1 — 3§ that simultaneously for any n > 1

T(e,6)+n
(L(B:) — L(67)) = O(ne(dln nt |n5*1)) .
t=T(e,8)+1

We obtain the upper-bound on the ONS with © = ;. and optimal
exp-concavity constant.
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1. Localized Analysis. Sketch of Proof

® Adversarial analysis close to E. Hazan et al. (2007): for any n € N,
n

D ((él(yt, 0T xe)x) " (B —07) = 58— 09T ("0 0 st ) (B~ a*))

t=1

= O(r@edln n) .

20/36
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1. Localized Analysis. Sketch of Proof

® Adversarial analysis close to E. Hazan et al. (2007): for any n € N,

3 ((él(yt, 0T xe)x) " (B —07) = 58— 09T ("0 0 st ) (B~ o*))

t=1

= O(r@edln n).
® For any 6 € B« and 0 < ¢ < pe, it holds

* Pe oL * * T62L
_ < Z= _ _ _ Z =
L(@) L(9 ) § ( ) (9 0 ) C(Q 0 ) 5

(0 - e*)) .

‘ 4
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1. Localized Analysis. Sketch of Proof

® Adversarial analysis close to E. Hazan et al. (2007): for any n € N,

n

D (((’(yt,é;rxt)xt)-r (O —0) — 20— 07)T (£, B o) (B ))

t=1

= O(r@edln n) .

® For any 6 € B« and 0 < ¢ < pe, it holds

* Pe oL|T * T@L
L(8) — L(6 )gpsic(%e(e—e ) — (6 — 6%) 892‘ -6 ))

® Martingale analysis relying on B. Bercu and A. Touati (2008) and
D. Freedman (1975).
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2. Logistic Regression. Truncated Algorithm

We remind that y € {—1,1} and pg(y | x) = ﬁ

The truncated algorithm for 0 < 3 < 1 (B. Bercu et al., 2019) is the
following:

1 1
Pt = P!+ max - - R R
t+1 t (1+ eerTXt)(l + efefxt) B |7t

A A — Yt Xt
epr =0, — Py [ —25 )
t+1 t t+1 (1 + eyﬁ?n)

21/36
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2. Logistic Regression. Convergence Result

One last assumption: E[xx ] is invertible.

22/36
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2. Logistic Regression. Convergence Result

One last assumption: E[xx ] is invertible.

Theorem

Under the previous assumptions, it holds

1
(1+ e xe)(1 4 e=0x)’

~ 1
Ve> T(e,8),  6i-0l<e, <

with probability at least 1 — &, where T (g,0) € N is explicitly defined.

22/36
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2. Logistic Regression. Sketch of Proof

® Thanks to the truncation:

2

1

SI<Pe< gl

~—— —
a.s. w.h.p.
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2. Logistic Regression. Sketch of Proof

® Thanks to the truncation:

2

@]

SI<Pe< gl

——  —
a.s w.h.p.
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2. Logistic Regression. Global Result

Corollary

Under the previous assumptions, for any €,6 > 0, it holds with probability
at least 1 — 49 that simultaneously for any n > 1:

n T(e,9)
3 (L) - L()) = O(ns(dln n+ |n5-1)) + 3 (L(be) - L(67)).

24/36
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Applications

Explanatory Variables

|
Confidential data at EDF.

Chapter 7 (joint work with D. Obst).

l

French national load.
Chapter 8. Competition at a city level.

st
1 place. 2. Statistical / Machine Learning Models

Chapter 9. Competition at a building level. ll

15t place.
3. State-space Adaptation +—— [V IEG
Ll ’

M6 Financial Forecasting Competition 4—@

(with N. Werge). Probabilistic ranking. | 3
2" place in forecasting in the 1%t quarter. I

Chapter 10 (ongoing work with J. Browell
and M. Fasiolo). Probabilistic forecast.
Electricity net-load in Great-Britain and
load in big US cities.

Forecast
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Competition: Load Forecasting at a City-Wide Level

Day-Ahead Electricity Demand Forecasting: Post-COVID Paradigm?

¥:: electricity load.
x¢: meteorological forecasts, calendar variables ...

1600
L

Hourly load
—  Weekly moving average

Load (MW)
1400
|

1200
L

1000
L

T T T
2018 2019 2020 2021

Time

2M. Farrokhabadi, J. Browell, S. Makonin, W. Su and H. Zareipour, 2022
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Competition: Load Forecasting at a City-Wide Level

Day-Ahead Electricity Demand Forecasting: Post-COVID Paradigm?

¥:: electricity load.
x¢: meteorological forecasts, calendar variables ...

g Hourly load o | — Avaiable data
€ — Weekly moving average 8 | — Unavailable data
8 -| — Prediction for January 19
&
s 4
g |
g
- Q
g
S 4
g g
. § -
8 R
g <
S
s
8
g
g |
g
S e
g
E
g8
T T T T 38 T T T T
2018 2019 2020 2021 jan 11 jan 13 jan 15 jan 17 jan 19
Time Date

30 consecutive days: forecast the hourly load of next day.

2M. Farrokhabadi, J. Browell, S. Makonin, W. Su and H. Zareipour, 2022
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Dependence on Calendar Variables

Daily Profiles Yearly Profile
s
— Monday 2 -
o | — Tuesday -
g | — wednesday
g Thursday s
| — Friday Ed
Saturday
_ g | sudy s |
g g1 §
i a
5 § E)
g S g
2 g g -
g = s 84
g g o
= K|
g8 8 8
En =1
8
8 g
8
g
S g -
T T T T @ T T T T T T
5 10 15 20 0.0 02 04 06 08 10
Hour Time of year (Toy)
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Offline Methods

We define forecasting models by hour of the day.
® Seasonal Auto-Regressive Model: y; = >, - qyy:—j + ¢t
e Linear Regression: y; = 07 x; + &;.
® Generalized Additive Model: y, = 27:1 fi(x¢j) + €+ where the
effects f; are decomposed on spline bases.
® Small Multi-Layer Perceptron (2 hidden layers of 15 and 10 neurons).

-100
L

-150

— Autoregressive

Linear Regression
— Generalized Additive Model
——  Muli-Layer Perceptron

Forecasting error at 3PM in MW (2 weeks moving average)

-200
L

T T
2020 2021

Date
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State-Space Model with Time-Invariant Variances

State: 0r — 01 ~N(0,Q),
Space: ye — 0 x ~ N(0,07).

2Chapter 5
20/36
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State-Space Model with Time-Invariant Variances

State: 0: —0:-1 ~N(0,Q),
Space: Yr — 9:Xt ~N(0,0%).
We optimize the log-likelihood with respect to © = (él, P, 0%, Q):

In p(Xl:nayl:n | e) = Z In p(Xtayt | X1:(t—1) Y1:(t—-1)> e) .
t=1

2Chapter 5
20/36
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State-Space Model with Time-Invariant Variances

State: 0: —0:-1 ~N(0,Q),
Space: Yr — 9:Xt ~N(0,0%).
We optimize the log-likelihood with respect to © = (0A17 P, 0%, Q):

In p(Xl:nayl:n | e) = Z In p(Xt7yt | X1:(t—1) Y1:(t—-1)> e) .
t=1

1850

® Non-convex log-likelihood.
No guarantee of global
optimality.

1860

Log-ikelihood

1680

® \We restrict to a diagonal Q.
Coefficient optimized using an
iterative grid search?.

1690

2Chapter 5
29/36
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Definition of x;

The vector x; is defined by the model we need to adapt:
® Linear Regression: x; is the covariate vector.
® SAR: x; is composed of the different lags of the AR model.
® Generalized Additive Model:

ve=A() + 6ED) + e
Adaptive GAM:

ve = 0 + 0P 62) + .t e
N——

Xt

30/36
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Multi-Layer Perceptron

Adapted

® Deepest layers are fixed,
® We adapt only the last (linear) layer.

31/36
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Kalman Adaptation of GAM: Static vs Dynamic

Static Dynamic Tracking

50000
I

50000
I

R‘“\ 2717
T

N

Evolution of the state coefficients
Evolution of the state coefficients

3 3
8 8
g8l — 8 —
g g
ki asfactor(DayType) ? as factor(DayType)
Temps95 Temps95
11(Toy) f1(Toy)
—— f2(LoadD) — f2(LoadD)
— f3(Loadw) — f3(Loadw)
—— Intercept —— Intercept
T T T
2020 2021 2020 2021
Time Time

Static: Q@ = 0 and " gradient step = O(1/t)".
Dynamic Tracking: @ = 0 and " gradient step = O(1)".

32/36



Introduction Static State-Space Model Electricity Load Forecasting
000000000 0000000000000 0 00000000 e000

Time-Varying Variances

State: Ht - 91’71 ~ N(O; Qt) )
Space: Ve — 0] x¢ ~ N(0,0?).

3V. Smidl and A. Quinn, 2006
33/36
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Time-Varying Variances

State: 0 — 01 ~ N(O, Qt) )
Space: Ve — 0 xc ~ N(0,0?).

We treat the variances 02, @; as other latent variables (tracking mode):

C’? = exp(ar) , Q: = diag(¢(b:)),
ar — ar-1 NN(Oapa)a by — b1 NN(OanI)~

3V. Smidl and A. Quinn, 2006
33/36
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Time-Varying Variances

State: 0 — 01 ~ N(O, Qt) )
Space: Ve — 0 xc ~ N(0,0?).

We treat the variances 02, @; as other latent variables (tracking mode):

C’? = exp(ar) , Q: = diag(¢(b:)),
ar — ar-1 NN(Oapa)a by — b1 NN(Oapbl)~

Inference relies on the variational Bayes approach3. We estimate the
posterior distribution with the best factorized distribution of the form

N(ét\ta Pt|t)N(§t\ta St\t)N(Bt\ta Zt\t) .

3V. Smidl and A. Quinn, 2006
33/36
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Comparison to Kalman Filter

Given all the other parameters, the minimum of the KL is achieved with the fo/lowing“‘:

Viking Kalman
—il
P: = Ep, [(Pt71|t71 . dfag(¢(bt)))7l] ; Pt =Pe_qjt—1 + Qt,
Pye =P, Pexex' Pt O=0
- t — ) — - k]
tle X Pext + exp(8¢)c — %st‘t) O+o0?
~ A Pt|t(Xt(érTXt = }’r)) O
9t+1:0t_ N 1 5 D:D—*ZA
eXP(at\t - §5t\t) @
4Chapter 6

34/36



Introduction

000000000

Evolution of the state coefficients

50000

-50000

Static State-Space Model
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Kalman Dynamic

Dynamic Tracking

—

—t
as.factor(DayType)
emps95

f1(Toy)
— 2(LoadD)
— 3(Loadw)
— Intercept

2020

T
2021

Time

Evolution of the state coefficients

50000

-50000
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Conclusion

® Inference algorithms for state-space models (Kalman filter, Viking)
are similar to gradient algorithms.

® The estimation of the variances is still a challenging issue where the
best method depends on the application considered.

® State-space models capture well the evolution of the electricity load
in various countries, scales, and tasks.
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Our result on the final iterate of an averaged SGD (annealing step size):

O((g%(In6=1)2)/ (n2e®))

Related work:

e Optimal bound for the Empirical Risk Minimizer®:

tr(G*H*1)In 5*1)
- .

L(B,) — L(67) = o(

® Result in expectation®:

g < HE) €
B[, - 677 < o 4

Also results in higher orders.

5D. Ostrovskii and F. Bach, 2021

6S. Gadat and F. Panloup, 2017
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Leads for Variance Estimation

® Time-invariant (chapter 5):

Better non-convex optimization algorithm.

Structure of @ (diagonal in iterative grid search). Q = ubuT?
® Time-varying (chapter 6):

Structure of Q; with sparsity.

Q:, 02 dependent. For instance Q;/0? and o2 independent.
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Data set: city-wide competition.
Break: Q: = Q except Qr > Q.

Time.
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Time-Varying Variances

91’ - 0t—1 ~ N(Oa Qt) )
ve — 0] xe ~ N(0,02).

We estimate p(6;,02, Q; | Fi—1). We assume
P(9t70?7 Q¢ | 91'7170'?71, Qt—l) = N(et — 01 ‘ 0, Qt)P(Uf: Q¢ ‘ 05717 Qt—l) .

Bayesian approach: at each step,
® Prior: p(0:—1,072_1, Qe—1 | Feo1),
e Prediction: p(0:,02, Q: | Fr_1),
® Filtering (Bayes rule):

P(Gtagf; Qt ‘ ]:t) X p(XU}/t | etaafv Qt)p(9t30—57 Qt | ‘7:1’—1)'
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We propagate:
P(et—l,gf_la Qi1 ‘ ]:t—l)
=N (-1 | ét—1|r—17 Pt—1|t—1)P¢t71|f71(Uffl)Pwrfmfl(Qtfl)a

where ®;_y);_1, V; 1,1 parametrize distributions for 02 1, Q;—1. With
the appropriate transition p(c2, Q; | 02 ;, Q:—1) we obtain:

p(ﬁt,of, Q: | ]:t—l) %N(ﬁt | é\t71|t717 Pt—1|t—1 + Qt)
p¢t|t—1(gg)pwﬂt—1(Qf) :
A posteriori distribution:

2 - p(xt, Fr—1)
p(etaaty Q: | ]:t) = 7,3(]_})

N(Qt | é\t—].|l'—la Pt—1|t—1 + Qt)p¢‘,‘t,1 (Otg)p\uqt,l(Qt) .

N(Yt ‘ HtTXt; Uf)
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Variance Tracking

Auxiliary latent variables a;, b; such that 02 = exp(a;), Q; = f(b;).

ar — dr—1 7 N(O,Pa)7 be — b1 ~ N(QPb’)v
at - 9t—1 ~ N(O, f(bt)) )
ve — 0, x; ~ N(0,exp(a;)),

A posteriori distribution estimated by the minimum of

KL(N(@A,:“, Pt\t)N(§t|t>5t|t)N(Bt|taZt|t) || P(' | ft)) .

00000@00000
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Kullback-Leibler Divergence

There exists ¢ independent of ét‘t, Piits 8t St|ts Bt‘t, X4+ such that
A . A 1 1
KL(/\/’(tht, Pt\t) x N (4, mSt\r) X N(bt|tazt\r) I P]:t) = 5 log det Pt\t 3 log s

1 1 A N 1
5 logdet,; + 5((}’: - 9t|tTXt)2 + XtT Pt|tXt)eXP(_3t\t + Est t)

1

+ 7EthN(Et\t7Zt\t)[wt(bt)] +

. o 1,
> (Sr\t+(arr—at—l\t—1)2)+§3t\r

2se—1je—1 +p2)
+ %T'((Zm + (byje = be—1je—1)(beje — Be—1)e—1) ") (Ze—1je—1 + Pbl)_l) +c,
with
Ye(be) = logdet(P;_y)t—1 + (b))
+ Tr((Pt\t + (étlt - ét71|t71)(ét\t - 67t71\t71)—r)(’3t71\t71 + f(bt))ﬂ) .

Evidence Lower Bound for &, St|ts bt|ts Tt
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Different Evolution of the 24 Models

Viking: Evolution per Hour Viking: Evolution per Hour
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Data set: city-wide competition.
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